The paper discusses the design of optimised current waveforms, to give the lowest RMS current per phase for a given mean torque. The waveforms are constrained to be within the converter VA rating. Current waveforms and the associated voltage waveform, over a wide speed range, are given for a representative motor.
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Introduction
The switched reluctance motor (SRM) has many possible energisation modes or switching strategies. In commercially available drives, the two most common excitation modes are the 'chopping' mode, for low speed running, and the 'single-pulse' mode, for high speed running (see Reference 1 for a description of these two modes). The literature discusses many other possible excitation modes and some workers have described optimised waveforms [2] . Optimised current waveforms are important, because they maximise the drive system output (as described below) and provide a 'benchmark' against which other waveforms may be judged. However, it should be clear that optimising the torque per RMS ampere of phase current is not at all the same as minimising torque ripple, indeed, the ripple is larger than The paper describes the design of current waveforms suitable for use over the whole speed range of the motor. The resulting waveform shapes can be programmed into a closed-loop current controller (see Section 3).
The waveforms described in this paper are optimised in terms of the greatest mean motor torque for a given RMS phase current. The use of this RMS current criterion, as a measure of the 'penalty' associated with a particular waveform, is the same as that used by Finch et al. [2] and by Ray [3] . The criterion approximates to minimising motor and converter losses at a given power and speed.
In a commercially viable SRM drive system, it is important to consider the complete system and not just the motor. Therefore the important contribution of this paper is that the computer search for the optimum current waveform is subject to the constraints of maximum available converter voltage and converter current, unlike the treatments in References 2 and 3. The work of Finch et al. [2] which, as here, uses computer search techniques, gives a current waveform which results in good thermally limited motor torque, but requires, according to the authors, an uneconomically high converter VA rating at the motor's base speed. The work presented here builds on this previous work by applying the important voltage and current constraints in the search for an optimum current waveform.
Ray [3] provides an analytical relationship which enables the optimum current waveform to be calculated from the relationship between torque (T), current (i), and angle (0) for a motor. Two limitations in applying Ray's formula, to a commercially viable drive system, are discussed below.
(i) Ray's method requires a knowledge of the partial derivative a T p i and is more readily applied if an analytical function T(i, 0), which fits the torque characteristics of motor is available. However, a suitable analytical function, is not generally known for a real motor.
(ii) The optimum solution provided by Ray's method is not constrained by a limit on the instantaneous voltage or current, whereas a commercially viable drive system has a limit on the VA rating of the power electronics.
To overcome these disadvantages, numerical optimisation routines from the NAG library [4] are used to find optimised current waveforms at different motor speeds. Ray's results are, however, used to check the accuracy of the computer solutions, by assuming a simple relationship between torque, current and angle and assuming no limit on converter VA rating. They all have three user-supplied quantities: an initial guess at the solution, the nonlinear penalty function to be minimised and the constraints on the problem. The latter can be put into three broad categories: (i) Simple bound on variables (the variables in the present application are motor currents and these can be bounded to lie within the converter's capabilities in all cases).
(ii) Linear constraints; the sum of the weighted variables (phase current) can be constrained to lie within specified bounds. These are not used in this application.
(iii) Any other constraints (the nonlinear voltage limitation and mean torque requirement in this case).
For all the different optimisations discussed in this paper, the penalty function used is the sum of the squares of the currents, which is quicker to calculate than the RMS current but is equivalent. The use of this penalty function at high speeds assumes that iron loss is independent of the shape of the current waveform and only varies with frequency. This is obviously an approximation. While the optimisation routine could take iron loss into account by adding it to the penalty function, iron loss is difficult to calculate [5] and for this reason it has not been attempted. The errors introduced by this approximation will depend on the balance of losses within the motor. In copper-loss dominated motor designs, e.g. relatively small, low-speed motors, the effects of this approximation will be small. The example waveforms given in this paper are for a small, D80, low-speed motor (1500 rev/min base speed).
For the penalty function and the constraints, the user of the optimisation routine is advised to supply the partial derivative of the quantity (as well as its value) with respect to each variable (each current). Any partial derivatives not supplied are numerically approximated, which is a slow process. The partial derivatives are used to estimate the magnitude of the change made to the variables to find the minimum. The routine employs a two-tier search strategy of major and minor changes to variables, thus enabling it to distinguish local and global minima.
It is easy to find the partial derivative of the penalty function (i2) with respect to a given current; it is equal to twice the current. In many cases the constraint does not depend on all of the variables, e.g. if mutual phase coupling is assumed to be zero, then the torque per phase only depends on the current in that phase. Therefore many of the constraint partial derivatives can be set to zero, considerably speeding program execution.
The assumption of no mutual coupling is commonly used in modelling of SRMs, and is used throughout. The motor is assumed symmetrical and hence only data for one phase is used. This assumption is valid for the motor used as an example, since it is accurately constructed and connected so that adjacent stator poles are of opposite polarity, which ensures symmetry in a circular crosssection motor [ S ] .
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Finch et al. [2] found by computer search techniques the current waveform which gave the lowest RMS current for a given total mean torque. There were no constraints on the optimisation and the resulting waveform, according to the authors, required a converter with an excessive VA rating. Ray [3] found similar waveforms analytically, again without constraint being placed on the converter VA rating. In this section, the work is extended to constrain the converter current rating, but not the voltage rating. (In practice the voltage constraint does not influence behaviour when the motor speed is very low, because the rotor angle is changing relatively slowly.) This is a useful first step in solving the more dificult problem of constraining both converter voltage and current. The work of Ray is used to check the accuracy of the resulting waveform using simplified motor characteristics.
There are two possible ways of addressing the problem of solving for the torque. Since the motor is assumed symmetrical, it is possible to solve for the three currents over the 'step angle' (i.e. the number of mechanical degrees in one electrical cycle/number of phases), which is 15", for the 3-phase, 12-stator-pole and 8-rotor-pole (12/8) motor used as an example in this paper. Another method is to solve for just one phase current over the whole electrical cycle. However, the first option is chosen in this and in subsequent sections, since it is helpful to visualise the problem in this way. Results, are, however, presented in the more usual form of a complete current waveform cycle for a single phase. Phase 1 is used throughout and zero degrees is taken as the aligned position for this phase. The first unaligned position is therefore at 22.5" and the next aligned position is at 45". All angles are measured in mechanical degrees. To ensure the accuracy of the resulting waveforms, great care was taken to measure the flux-linkage and static torque against current and angle using the method described in Reference 7. Figs. 1 and 2 show the flux linkage and static torque, respectively, for the example motor.
To reduce the computational burden, the current waveform is only found at a few discrete angles. However, to calculate the total torque at any angle, it is necessary to sum the torque contributions for each phase. Thus the 15" repetition period is divided into a set of regularly spaced angles and a solution is found for each phase current at each angle. It is necessary to perform the calculation for all these angles at each step of the optimisation search to find the total mean torque. Typically there are 30 input angles and three phases and therefore 90 current variables.
The characteristics of the motor are defined as a set of points on curves of torque against angle at a few discrete current levels. NAG cubic spline routines are used to interpolate between these curves to find the torque and the partial derivative of torque with respect to current at Highest mean torque with unlimited voltage, limited current any current level. This allows the optimisation routine to choose any current value at any of the given angles.
All 90 current variables are bounded to within the converter's capabilities. The penalty function is the sum of the squares of all of the currents at all of the angles. The partial derivative of the penalty function is twice each current at a given angle and for a given phase. The mean torque is constrained to a given value and is calculated by summing the torque at each angle and dividing by the number of angles. The partial derivative of mean torque with respect to each current is the derivative of the torque against current curve at a given angle and for a given phase (which can be found directly from the cubic spline interpolation) divided by the number of angles. To summarise:
. 
each angle is assumed to be zero at the start of the optimisation.
The optimum waveform for the example motor at a mean torque of 10 Nm (the continuous low-speed rating) is shown in Fig. 3 The waveform in Fig. 3 shows a mean current over one PWM cycle, i.e. it ignores the high-frequency effects of the switching power amplifier, for simplicity and clarity. The waveform can be achieved in practice, as can all subsequent waveforms, using well known and standard techniques [9, lo].
The results can be checked using a simple approximation to the torque against angle and current characteristic of the 12/8 motor and the results of the work of Ray. Ray gives the optimum current waveform for phase k as:
T , > O
where p is a scaling factor, to give the required mean torque. Approximating the torque against the angle and current relationship for phase k of the motor as T, = -2 4 sin 88, (7) Then assuming that the solution is within the converter's current limit, the resulting optimum current is sin 88, < 0 i, = sin 88, > 0
The scaling factor p can be found by substituting eqn. 8 into eqn. 7, finding the mean torque over a 45" period (remembering that the phase is not energised for half this period) and equating this with the required per-phase mean torque (p = 0.3 for 10 Nm of total mean torque or 10/3 Nm of per phase mean torque). The results obtained by numerical optimisation agreed with the algebraic results to almost the accuracy of the input data. (The accuracy of the simulated input data is limited by rounding errors, introduced by the use of only six significant figures. Not only do these rounding errors reduce the accuracy of the results, but, potentially much more seriously, they cause discontinuities in the derivatives, which can make the optimisation unstable. To reduce the chances of instability and, to a lesser extent, to speed up program execution time, the optimisation is terminated when four-figure accuracy is achieved. This implies that the optimisation routine introduces additional errors of the order of 0.01%. Six significant figures were chosen for the input data for compatibility with other programs
As an interesting aside, a more detailed comparison between the conventional chopping waveform and the optimised waveform shown in Fig. 3 can be the total motor static torque as calculated by a simulation program [S] for approximately the same mean torque. From these figures it can be seen that the torque ripple is very significantly increased. Thus it would not be wise to use the optimised waveform in an application which is sensitive to torque ripple. But if maximum mean torque is required, then, by definition, the optimised waveform is the best.
Highest mean torque with both converter current and voltage constrained
The problem of finding the optimum current waveform to give the highest mean torque with both voltage and current constrained is similar to the case above, where only the current was constrained. This is an important general case, since it allows the optimum waveform to be found at all speeds. If the low-speed waveform is used at higher speeds, the current must be changed at a faster rate and a greater 'forcing' voltage is required. In practice, this will be limited by the maximum voltage of the converter. For a given motor, there are three possibilities: (i) Increase the converter voltage rating (ii) Change the shape of the current waveform, to reduce the rate of rise of current (iii) Change the position of the current waveform into an area of lower inductance It is difficult to choose between these options, since they all have their merits and each must be assessed in the context of a particular application. The program described in this paper is useful in helping to make this decision, since it provides a means of assessing the gain in motor output achievable by increasing the converter voltage rating. (This is similar to reducing the number of turns per motor phase, except that this option increases the converter current rating.)
The constraints, penalties and partial derivatives are as above (eqns. [1] [2] [3] [4] [5] with the extra constraint of limiting the voltage to a realisable level at each angle and for each phase. The terminal voltage is related to the flux-linkage ($) and the current in a phase winding by the equation:
where V is the terminal voltage, R is the phase winding resistance and the term dt,b/dt is referred to as the instantaneous EMF, E. The terminal voltage is constrained to be within the capabilities of the converter at every angle:
where P is the maximum converter voltage.
There is no easy way to calculate the rate of change of flux-linkage with respect to each phase current at each angle (i.e. the partial derivative of the voltage constraint with respect to each variable) and therefore the optimisation routine is left to evaluate this numerically for itself.
The program is provided with a table of flux-linkage against angle and current and NAG cubic spline routines are used to find the flux-linkage at any current and for a given angle.
An initial estimate of the current waveform is obtained by finding the optimum current waveform, see above, without the voltage constraint. The optimisation is then restarted using this waveform as the initial guess with the added additional constraint of voltage.
Optimum current waveforms, with a constrained supply voltage of & 300 V, at 10 Nm, rotating at 750, 1500 and 2250 rev/min are shown in Figs. 6-8 , respectively, along with their associated voltage waveform.
Contrast the peak currents, total RMS currents and waveform shape with each other and with Fig. 3 (also see  below) . The last two waveforms, are essentially conven- to the winding it is either fully positive or fully negative. At low currents 'noise' can be seen on some of the waveforms, e.g. the 2250 rev/min current waveform. This is attributed to the numerical differentiation (see below) and can be reduced by shortening the angle step length. The optimisation typically takes 10 min to run. Table 1 summarises the results for a representative motor by showing the peak currents and the RMS cur- rents at 0.750, 1500 and 2250rev/min, under the constraints of a peak current of less than 22 A and a supply voltage of 300 V, for a load of 10 Nm. The Table shows that as the speed rises from 0 to 2250 rev/min, the peak current increases by 1.16 times and the RMS current by 1.38 times. Differentiating the flux-linkage with respect to time proved numerically arduous and the best method found The differentiation can be checked by deriving an expression for flux-linkage from the simple approximation to torque (eqn. 7) used above to check the unconstrained current waveform against the work of Ray. The flux linkage is found from the co-energy ( W ) which for phase k is:
( 1 1 The resulting instantaneous EMF is: At low rates of change of flux-linkage, the resulting numerically calculated EMF could be in error by as much as lo%, but at higher (and therefore more important) rates of change, three-figure accuracy was obtained using data spaced by 1.5".
No analytical solution to the constrained voltage problem is known, but the results were checked for single-pulse waveforms, in which the voltage was fully positive or negative, against an existing modelling program [6] . The existing program is given the same input data as the optimising program and the switch-on and switch-off angles found by the optimising program. The current waveform found by the optimising program and those from the existing program are shown to be in excellent agreement at 1500 rev/min in Fig. 9 . The optimisation program discussed in this paper has restrictions, some of which are listed below.
(i) The optimisation could be formulated to maximise torque for a given RMS current instead of minimising the current for a given torque.
(ii) The user should be able to find the maximum speed at which a given torque could be attained, given a voltage and a current constraint.
(iii) To reduce computing time, it should be possible to read in the results of a previous run and use these as the initial trial solution.
(iv) The phase currents have been constrained by a peak value, but it should also be possible to constrain the mean and RMS values.
(v) The slope resistances of the diodes and the switches are assumed to be the same and bifilar motors with different primary and secondary resistances are not accommodated.
The program could easily be extended to cover all these restrictions.
The calculation of winding EMF assumes a constant speed and therefore the voltage constraint will be inaccurate under dynamic conditions. The largest relative error between the real speed under dynamic conditions and the constant speed assumed by the program will occur at low speeds (because the absolute speed is small). However, at low speeds, the voltage is not, in general, a constraint, so error in the EMF calculation is not important.
In attempting to apply an optimum waveform to a practical drive, it must be recognised that, although the finite supply voltage has been allowed for, the current control loops have, in all other respects, been assumed ideal. In practice, the performance of these loops will limit the ability of a system to track the optimum waveform.
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Conclusions
This paper has described for the first time a method for finding the optimum current waveforms for a given power and speed for an SRM with limited supply voltage and limited peak current, using computer search techniques. Moreover, the computing times required are modest, so that the procedure could be used routinely to determine the most efficient control strategy for an SRM. The resulting waveforms considerably improve the lowspeed mean torque production of an SR motor at the expense of torque ripple.
The optimisation is formulated in terms of finding an optimum current waveform, but in so doing it has also found the corresponding optimum voltage waveform for a given winding and switch resistance. Since these resistances change with temperature, it is usually better to control the current. For practical implementations of the waveforms, very fast current loops may be required, particularly when working near voltage limits. The program does not allow for the finite bandwidth of current loops encountered in practice, other than for the consequences of a finite supply voltage.
The SRM being investigated is represented in the new method by its nonlinear magnetic characteristics as in the models used in the design of such machines and should give the same accuracy. However, it should be noted that the mutual interaction between phases and the iron losses are not included. These omissions may be significant in some designs.
